
Homework 12 : Due Wednesday, April 9

Problem 1: Let N with n ≥ 3. Suppose that H is a subgroup of Dn and that |H| is odd. Show that H is
cyclic.

Problem 2: An automorphism of a group G is an isomorphism ϕ : G→ G.
a. Let G be a group, and fix g ∈ G. Define a function ϕg : G→ G by letting ϕg(a) = gag−1. Show that ϕg

is an automorphism of G.
b. Suppose that G is a cyclic group or order n ∈ N+. Let k ∈ Z with gcd(k, n) = 1. Define ψ : G → G by
letting ψ(a) = ak. Show that ψ is an automorphism of G.

Problem 3: Let R be a ring. An element e ∈ R is called an idempotent if e2 = e. Notice that 0 and 1 are
idempotents in every ring R.
a. Show that if e ∈ R is both a unit and an idempotent, then e = 1.
b. Show that if R is an integral domain, then 0 and 1 are the only idempotents of R.
c. Find all idempotents in Z/6Z and Z/18Z.

Problem 4: Let R be a ring. An element a ∈ R is called nilpotent if there exists n ∈ N+ with an = 0.
a. Show that every nonzero nilpotent element is a zero divisor.
b. Show that if a is both nilpotent and an idempotent, then a = 0.
c. Show that if a is nilpotent, then 1− a is a unit.
d. Given n ∈ N+, describe all nilpotent elements in Z/nZ. Hint: Start with the prime factorization of n.

Problem 5: Let X be a nonempty set. Let R = P(X) be the power set of X, i.e. the set of all subsets of
X. We define + and · on elements of R as follows. Given A,B ∈ P(X), define

A+B = A ∪B
A ·B = A ∩B

a. Show that with these operations, R is not a ring in general (give a specific counterexample).

Let’s scrap the above operations and try again. Given two sets A and B, the symmetric difference of A and
B, denoted A4B, is

A4B = (A\B) ∪ (B\A)

i.e. A4B is the set of elements in exactly one of A and B. Now define + and · on elements of R as follows.
Given A,B ∈ P(X), let

A+B = A4B
A ·B = A ∩B

It turns out that with these operations, R is a commutative ring, although some of the axioms are a pain to
check (especially associatively of + and distributivity).

b. Explain what the additive identity and multiplicative identity are in this ring, and explain what the
additive inverse of an element is.

Problem 6: A Boolean ring is a ring R in which every element is an idempotent, i.e. a2 = a for all a ∈ R.
For example, Z/2Z is a Boolean ring, as are all of the examples in Problem 5b.
a. Show that if R is a Boolean ring, then a+ a = 0 for all a ∈ R.
b. Show that every Boolean ring is commutative.


